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Abstrat
We derive expliit semilassial quantisation onditions for the Dira and Pauli
equations. We show that the spin degree of freedom yields a ontribution whih
is of the same order of magnitude as the Maslov orretion in Einstein-Brillouin-
Keller quantisation. In order to obtain this result a generalisation of the notion of
integrability for a ertain skew produt ow of lassial translational dynamis and
lassial spin preession has to be derived. Among the examples disussed is the
relativisti Kepler problem with Thomas preession, whose treatment sheds some
light on the amazing suess of Sommerfeld's theory of ne struture [Ann. Phys.
(Leipzig) 51 (1916) 191℄.
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1 Introdution
Semilassial quantisation onditions provide the most diret link between the old quantum
theory of Bohr and Sommerfeld on the one hand and wave mehanis on the other hand.
Unlike other semilassial tools, like trae formulae or the Van Vlek-Gutzwiller propagator
[1℄, they do not only express quantum mehanial objets in terms of lassial properties
but also employ exatly the same formulation as was used by the old quantum theory,
namely ation quantisation.
Before the advent of quantum mehanis quantisation of a system was done by deter-
mining ation integrals within the lassial theory and setting these equal to an integer
multiple of Plank's onstant h = 2π~, i.e. one required∮
p dx = 2π~n (1.1)
with integer n. This ondition, originally put forward by Bohr [2℄ in order to understand
the hydrogen spetrum, was rst understood as the quantisation rule for one degree of
freedom.
Around 1915 there was an ongoing disussion how this ondition should be translated
to more than one degree of freedom, see e.g. [3, 4, 5℄ and the introdution of [6℄. Epstein [4℄
proposed to use that set of oordinates in whih the problem separates if suh oordinates
exist. For eah degree of freedom there would then be a ondition of the form (1.1), i.e.∮
pj dxj = 2π~nj (1.2)
with integers nj , j numbering the degrees of freedom and (pj , xj) being a pair of anonially
onjugate variables in that partiular set of oordinates. Epstein's point of view was
assumed by Sommerfeld who suessfully applied this presription treating many problems
in spetrosopy [6℄.
Shortly after, Einstein [7℄ pointed out that separability of the equations of motion is
not a neessary ondition for ation quantisation but that merely integrability (in the sense
of Liouville and Arnold [8, 9℄) is required: If there are suiently many integrals of motion
with pairwise ommuting Poisson brakets then the phase spae foliates into invariant tori
on whih the line integral ∫ xf
xi
p dx (1.3)
is loally path-independent. The quantisation onditions an then be written in the form∮
Cj
p dx = 2π~nj (1.4)
where {C1, . . . , Cd} denotes a basis of non-ontratible loops on a given torus. This for-
mulation has the advantage over Epstein's version of being independent of the oordinate
system.
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Soon after the old quantum theory had been replaed by matrix and wave mehanis
the old quantisation onditions were rederived and modied by Wentzel [10℄, Kramers [11℄,
Brillouin [12℄ and Jereys [13℄ in a short-wavelength approximation, the so-alled WKB or
JWKB method. It was shown that depending on the harater of the motion the quantum
numbers may have to be shifted by a small number, leading e.g. to half-integer quantum
numbers for osillations but integer quantum numbers for rotations. Again the treatment
was rst for one-dimensional and then for separable systems. A omplete derivation of
the quantisation onditions from the Shrödinger equation that takes into aount both
the abstrat integrability ondition used by Einstein and the small shift of the quantum
numbers is due to Keller [14℄. He proved the semilassial quantisation onditions∮
Cj
p dx = 2π~
(
nj +
µj
4
)
(1.5)
whih are now known as Einstein-Brillouin-Keller (EBK) or torus quantisation. The num-
ber µj ∈ Z4 denotes the Maslov index, see e.g. [15, 16℄, a topologial invariant of the yle
Cj . In one dimension it ounts the number of turning points enountered along the loop.
A good overview on theses topis is given in [17℄.
The disussion so far was only for non-relativisti quantum mehanis, i.e the semi-
lassial approximation for the Shrödinger equation. In 1916 Sommerfeld applied the
quantisation onditions (1.2) also in a relativisti ontext [6℄. His aim was to nd small
orretions to the hydrogen spetrum whih he expeted to be due to relativisti eets.
The suess was overwhelming, the so-alled Sommerfeld ne struture formula agreed
exellently with the experimental data. More than ten years later [18, 19℄ it was found
that the energy levels of the hydrogen atom, when alulated using the Dira equation, the
orret relativisti wave equation for the eletron, are idential to the levels determined
by Sommerfeld. The Dira equation, however, does not only take into aount relativisti
eets but also the half-integer spin of the eletron. The ne struture aounted for by
the Sommerfeld formula is to a large extent due to spin-orbit oupling, an eet that was
unknown at the time Sommerfeld did his alulations. In fat, even the property of spin
itself was yet to be disovered. This seeming paradox has to be explained by a semilassial
analysis of the Dira equation.
Early semilassial approahes to the Dira equation are due to Pauli [20℄ and Rubinow
and Keller [21℄. These will be disussed in setion 3. The subtleties onneted with suh
an approah are related to the fat that the Dira equation is a partial dierential equation
for a spinor and not just for a salar wave funtion. Therefore these problems should be
disussed in the more general ontext of semilassial (or short wavelength) approximations
to multiomponent wave equations. It was observed by Yabana and Horiuhi [22℄ that the
ourrene of geometrial or Berry phases [23, 24℄ plays an important rle in this ontext.
Kuratsuji and Iida [25, 26℄, using path integral methods, suggested that the sympleti
struture of phase spae should be deformed suh that it inludes the ontribution of
geometri phases. A review of these results is given in [27℄. A general method for the
semilassial quantisation of multi-omponent wave equation was derived by Littlejohn and
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Flynn [28, 27℄. Their results hold whenever the prinipal Weyl symbol of the Hamiltonian,
whih is a matrix valued funtion on lassial phase, has non-degenerate eigenvalues. Thus
it does not apply to the Dira equation, in whih ase these eigenvalues have a multipliity
of two as will be shown in setion 3. In suh a situation the geometrial phases that
appear in the semilassial expressions are not simple U(1)-phases any longer but are
themselves matrix-valued and thus in general non-Abelian. It was shown by Emmrih and
Weinstein [29℄ that in this ase integrability of the dynamis generated by the lassial
ray Hamiltonians (the eigenvalues of the prinipal Weyl symbol) is no longer suient to
guarantee the existene of global semilassial wave funtions and thus of semilassial
quantisation onditions.
In this artile we derive semilassial quantisation onditions from the Dira equation,
the relativisti wave equation for partiles with spin
1
2
, and from the Pauli equation, de-
sribing partiles with arbitrary spin in a non-relativisti ontext. We show how to resolve
the problems mentioned in the ontext with the ourrene of non-Abelian Berry phases
by developing a generalisation of the notion of integrability that not only inludes the
dynamis of the ray Hamiltonians but imposes an additional ondition. In this way we
eetively redue the non-Abelian phases to U(1)-phases. The latter enter the semilas-
sial quantisation onditions by a orretion whih is of the same order as the Maslov
ontribution in (1.5). This orretion represents the inuene of the spin degree of freedom
and an be given a lear physial interpretation in terms of lassial spin preession. By
applying the method to the relativisti Kepler problem we shed some light on the suess
of Sommerfeld's ne struture formula. A brief aount of some of these results was given
in [30℄.
The paper is organised as follows. In setion 2 we outline the derivation of EBK-
quantisation for later referene, thereby emphasising the rle of integrability. Setion 3
deals with the determination of semilassial wave funtions for the Dira equation. In
setion 4 we generalise the onept of integrability to the ase of group extensions and the
skew produt of lassial translational dynamis and lassial spin preession. Based on
this haraterisation we then derive expliit semilassial quantisation onditions for the
Dira equation in setion 5. In setion 6 we show how these results translate to the Pauli
equation with arbitrary spin. Before we treat some speial examples in setions 8 and 9
(among whih is Sommerfeld's theory of ne struture) we derive general formulae whih
failitate the semilassial quantisation of spherially symmetri systems in setion 7. We
onlude with a summary in setion 10. Some important formulae for Weyl quantisation
are listed in appendix A.
2 EBK quantisation
In this setion we briey summarise the main steps in the derivation of the EBK quantisa-
tion rules. We do so in order to introdue some notation and for later referene suh that
we an expliitly ompare to this basi situation when treating systems with spin. This is,
however, not intended to be a omplete review of EBK quantisation and we thus refer the
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reader seeking a omprehensive introdution to EBK quantisation to the literature, e.g.
[14, 17℄.
We want to nd an asymptoti solution of the stationary Shrödinger equation,
Hˆψ(x) = Eψ(x) , (2.1)
where ψ ∈ L2(Rd) and Hˆ shall be a Weyl operator (some fats on Weyl quantisation are
summarised in appendix A) with symbol
H(p,x) = H0(p,x) + ~H1(p,x) + (~
2) , ~→ 0 . (2.2)
The leading order termH0 in the semilassial limit ~→ 0 is known as the prinipal symbol
of Hˆ and H1 is alled the sub-prinipal symbol. For simpliity we will hoose H1 ≡ 0 for
the rest of this setion. For the familiar Hamiltonian
Hˆ = − ~
2
2m
∆+ V (x) (2.3)
desribing a partile of mass m moving under the inuene of the external potential V (x)
the Weyl symbol reads
H(p,x) ≡ H0(p,x) = p
2
2m
+ V (x) (2.4)
and we an write Hˆ = H(~
i
∇,x).
For the wave funtion ψ one tries the WKB ansatz
ψWKB(x) =
∑
k≥0
(
~
i
)k
ak(x) e
i
~
S(x) . (2.5)
Inserting into (2.1) yields in leading orders in ~, f. appendix A,
[H(∇xS,x)− E] a0 + ~
i
{
[H(∇xS,x)−E] a1
+ [(∇pH)(∇xS,x)] (∇xa0) + 1
2
[∇x(∇pH)(∇xS,x)] a0
}
+ (~2) = 0 .
(2.6)
This equation is easily onrmed for the partiular Hamiltonian (2.3) by diret omputa-
tion, but it also holds for arbitrary (semilassial) Weyl operators, see appendix A. The
strategy of the WKB method is now to satisfy eq. (2.6) separately order by order in ~. In
leading order one nds the Hamilton-Jaobi equation
H(∇xS,x) = E (2.7)
of lassial mehanis with the (prinipal) symbol H(p,x) ating as the lassial Hamil-
tonian. From standard Hamilton-Jaobi theory, see e.g. [31, 9℄, one thus onludes that
the phase S(x) of the WKB ansatz beomes the lassial ation generating the dynamis
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with Hamiltonian H(p,x): If (P (t),X(t)) is a solution of Hamilton's equations of motion
then ∇xS(X(t)) = P (t). A solution of the Hamilton-Jaobi equation (2.7) an thus be
obtained by integration along solutions of Hamilton's equations of motion in the following
way. Denote by y an arbitrary point in onguration spae and by ξ a momentum satisfy-
ing H(ξ,y) = E. Let φtH be the (Hamiltonian) ow generated by the lassial Hamiltonian
H(p,x), i.e. φtH(ξ,y) =: (P (t),X(t)) denotes the point reahed at time t on the trajetory
starting at (ξ,y). Then we have
S(x)− S(y) =
∫ t
0
[
d
dt′
S(X(t′))
]
dt′ =
∫ t
0
∇xS(X(t′)) X˙(t′) dt′ =
∫ x
y
P dX (2.8)
where in the last expression integration is along the trajetory φtH(ξ,y). Finally the ation
reads
S(x) = S(y) +
∫ x
y
P dX , (2.9)
where S(y) is the arbitrarily hosen value of S at the point y. Given a solution (2.9) of the
Hamilton-Jaobi equation the next-to-leading order equation deriving from (2.6) redues
to
[(∇pH)(∇xS,x)] (∇xa0) + 1
2
[∇x(∇pH)(∇xS,x)] a0 = 0 . (2.10)
This is known as the transport equation for the leading order amplitude a0(x). Due to
Hamilton's equations of motion the rst term an now be interpreted as a time derivative
along the the trajetory φtH(ξ,y) whih we shall denote by
d
dt
or simply by a dot,
a˙ ≡ da
dt
:= [(∇pH)(∇xS,x)] (∇xa) . (2.11)
The solution of (2.10) is loally given by
a0(x) =
√
det
∂y
∂x
, (2.12)
see e.g. [14, 17℄. Together with (2.9) one has thus found an approximate solution
ψWKB(x) ∼
√
det
∂y
∂x
exp
(
i
~
S(y) +
i
~
∫ x
y
P dX
)
(2.13)
of the Shrödinger equation for points x in a neighbourhood of y that are visited along a
a solution of Hamilton's equations of motion starting at y.
However, one still needs to nd a way to integrate the Hamilton-Jaobi equation along
paths transversal to φtH . Furthermore, the approximation (2.13) breaks down at points
where φtH(ξ,y) touhes a austi and thus
∂y
∂x
beomes singular. For one degree of freedom
these points are given by the turning points. In order to address both these problems one
has to know more about the lassial phase spae struture. For arbitrary Hamiltonians one
an in general not proeed far beyond this point as was already pointed out by Einstein
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[7℄ in the ontext of the old quantum theory. Instead one has to invoke the onept of
integrability.
Following Liouville [8℄ we say that a Hamiltonian is integrable if there are d onstants
of motion A1 := H,A2, . . . , Ad whih are in involution, i.e. whose Poisson brakets vanish
pairwise. A omplete proof of the onsequenes of this denition is due to Arnold whose
version [9, hapter 10℄ we shall quote here.
Theorem 1. (Liouville-Arnold) Suppose that we are given d funtions in involution on a
d-dimensional sympleti manifold
A1, . . . , Ad , {Aj, Ak} ≡ 0 , j, k = 1, . . . , d . (2.14)
Consider a level set of the funtions Aj,
Ma = {(p,x) | Aj(p,x) = aj , j = 1, . . . , d} . (2.15)
Assume that the d funtions Aj are independent on Ma (i.e. the d 1-forms dAj are linearly
independent at eah point of Ma). Then
1. Ma is a smooth manifold, invariant under the phase ow with Hamiltonian funtion
H = A1.
2. If the manifold Ma is ompat and onneted, then it is dieomorphi to the d-
dimensional torus
T
d = {(ϑj , . . . , ϑd) mod 2π} . (2.16)
3. The phase ow with Hamiltonian funtion H determines a onditionally periodi
motion on Ma, i.e. in angular oordinates ϑ = (ϑj , . . . , ϑd) we have
dϑ
dt
= ω , ω = ω(a) . (2.17)
4. The anonial equations with Hamiltonian funtion H an be integrated by quadra-
tures.
We refrain from providing a proof of the theorem here but refer the reader to Arnold's
book [9℄. Instead we remark on some aspets whih are relevant for the following setions.
In order to prove property 2 one rst shows that the onditions (2.14) imply that the
ows φtj generated by the observables Aj , j = 1, . . . , d, ommute on Ma, i.e.
φtj ◦ φt
′
k = φ
t′
k ◦ φtj ∀ j, k = 1, . . . , d . (2.18)
this yields a transitive ation of Rd on Ma. In the following we will refer to Ma as a
Liouville-Arnold torus.
In general the oordinates ϑ and the observables A are not anonially onjugate.
However, (loally) there exists a mapping A 7→ I suh that (I,ϑ) form a set of anonially
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onjugate variables. The new onstants of motion I(A) are alled ation variables and
the expliit onstrution of ation and angle variables (I,ϑ) is the desired integration of
of Hamilton's equations of motion by quadratures. The Hamiltonian expressed in the new
variables beomes a funtion H(I) of the ation variables only and thus the frequenies in
(2.17) are given by ω = ∇IH(I).
Theorem 1 an be used in order to derive the EBK quantisation onditions as follows.
Sine the ows φtj ommute we an dene the ation S(x) analogously to (2.9) by integra-
tion along the ow lines of φt2, . . . , φ
t
d instead of φ
t
1 ≡ φtH . To this end dene the multi-time
ow
Φt := φtdd ◦ · · · ◦ φt11 , (2.19)
where due to (2.18) the ordering is unimportant. Sine Φt is a transitive ation of Rd on a
Liouville-Arnold torus, for any x in a small neighbourhood of y there is a unique t ∈ Rd
suh that
Φt(ξ,y) = (p,x) (2.20)
with some momentum p. The rapidly osillating phase of the WKB wave funtion is then
given by
S(x) = S(y) +
∫ x
y
P dX (2.21)
where integration is along Φt(ξ,y). Sine the ows φtj, j = 1, . . . , d, ommute this is not
in onit with the requirement of S solving the Hamilton-Jaobi equation (2.7). This
answers the question of how to integrate transversal to φtH .
One still has to solve the problem of a0 =
√
det ∂y
∂x
beoming singular for ertain values
of t. To overome this diulty one has to glue together various loal solutions of the form
(2.13). Here the ruial observation is that whenever an eigenvalue of
∂x
∂y
hanges sign
(ausing
∂y
∂x
to beome singular) this results in a phase jump of the wave funtion by −pi
2
.
For a losed urve C the number of times this happens along C is a topologial invariant of
C, its Maslov index µ, see [15, 16℄. On a d-torus Td let us hoose a set of basis yles {Cj},
j = 1, . . . , d, suh that along Cj the angle ϑj inreases by 2π. and all other angles ϑk 6=j
remain onstant. See gure 1 for an illustration of this basis for a 2-torus. Then every
losed urve on Td is a linear ombination of the basis yles Cj .
All we have to do now in order to get a globally well-dened WKB wave funtion is to
make sure that ψWKB(x) returns to its initial value when we follow its value along Cj . In
other words the phase hange along a loop has to be an integer multiple of 2π, i.e.
1
~
∮
Cj
P dX − µj π
2
= 2π nj , nj ∈ Z . (2.22)
These are the quantisation onditions (1.5). Sine the ation variables I are given by
Ij =
1
2π
∮
Cj
P dX (2.23)
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C1 2
Figure 1: Sketh of a basis {C1, C2} of loops on a two-torus T2.
the EBK energies read
En = H
(
~
(
n+
µ
4
))
(2.24)
where H is the Hamiltonian transformed to ation and angle variables and µj denotes the
Maslov index of the basis yle Cj . Further restritions on the values whih the integers n
may assume usually arise from the possible values the ation variables I an take in the
partiular problem of lassial mehanis, f. the examples given below.
3 The semilassial wave funtion for the Dira equation
In this setion we review the determination of semilassial wave funtions for the Dira
equation and introdue the relevant notation for the following setions.
The rst steps towards a semilassial wave funtion for the Dira equation were un-
dertaken by Pauli [20℄. He inserted an ansatz similar to (2.5) into the Dira equation and
found that the phase funtion S has to solve a relativisti Hamilton-Jaobi equation. He
then solved the analogue of the transport equation (2.10) for a partiular ase but did not
derive a general expression like (2.12). The problem was taken up again many years later
by Rubinow and Keller [21℄ who proeeded one step further. They showed that the solution
of the transport equation an be related to the Thomas preession [32, 33℄, see also [34℄, of a
lassial spin vetor. However, also in this work no general quantisation onditions similar
to (1.5) were given. As we will see in the following setions their onstrution is om-
pliated by the ourrene of non-Abelian Berry phases for whih additional integrability
onditions are needed.
We also list some related literature whih we will, however, not diretly refer to in
the following: Semilassial approximations to the radial Dira equation were studied in
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[35, 36, 37℄. The semilassial time evolution of the Dira equation was examined in [38℄.
Semilassial quantisation of subspetra of the Dira Hamiltonian based on the omplex
germmethod was disussed in [39, 40℄. The time evolution of semilassialWigner funtions
for the Dira equation is addressed in [41℄.
We briey repeat the basi steps in the derivation of semilassial wave funtions for
the Dira equation. For details we refer the reader to [21℄ or to [42℄ where the notation is
similar to that used here.
The aim is to nd asymptoti solutions to the stationary Dira equation
HˆDΨ(x) = EΨ(x) (3.1)
with Dira Hamiltonian
HˆD = cα
(
~
i
∇− e
c
A(x)
)
+ βmc2 + eφ(x) (3.2)
in the semilassial limit ~→ 0. The wave funtion is now a four-spinor, Ψ ∈ L2(R3)⊗C4,
and the 4× 4 matries α and β are given by
α =
(
0 σ
σ 0
)
, β =
(
12 0
0 −12
)
, (3.3)
where eah entry is to be understood as a 2 × 2 matrix. The Pauli matries σ are given
by
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
(3.4)
and 1n denotes the n × n unit matrix. The Dira equation desribes a partile of mass
m and harge e moving under the inuene of the external eletro-magneti potentials
(φ(x),A(x)), i.e. we have xed a frame of referene in whih the potentials are stati.
We now modify the semilassial ansatz (2.5) suh that the amplitudes ak(x) take values
in C
4
but the phase S(x) is kept salar. Inserting this ansatz into the Dira equation (3.1)
yields
[HD(∇xS,x)− E] a0 + ~
i
{
[HD(∇xS,x)−E] a1 + cα(∇xa0)
}
+ (~2) = 0 , (3.5)
where HD(p,x) denotes the Weyl symbol of the Dira Hamiltonian (3.2),
HD(p,x) =
(
mc2 + eφ(x) σ (cp− eA(x))
σ (cp− eA(x)) mc2 − eφ(x)
)
. (3.6)
When omparing (3.5) with (2.6) notie that cα = ∇pHD. Sine the leading order equation
[HD(∇xS,x)− E] a0 = 0 (3.7)
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is a matrix equation it implies the neessary ondition that the expression in square brakets
has an eigenvalue whih vanishes identially, i.e.
H±(∇xS,x) = E , (3.8)
where the eigenvalues
H±(p,x) = eφ(x)±
√
(cp− eA(x))2 +m2c4 (3.9)
of HD at as lassial Hamiltonians for our problem. In the following we will use the
notation S± indiating whih of the two Hamilton-Jaobi equations (3.8) is solved by
the respetive phase funtion; the solution itself is again given by (2.9) where now the
integration is along the ow lines of φtH±. Eah of the eigenvalues (3.9) has a multipliity
of two and the orresponding eigenvetors an be hosen as the olumns of the 4 × 2
matries V±,
V+(p,x) =
1√
2ε(ε+mc2)
(
ε+mc2
σ(cp− eA(x))
)
,
V−(p,x) =
1√
2ε(ε+mc2)
(
σ(cp− eA(x))
−(ε +mc2)
)
,
(3.10)
where we have introdued the abbreviation
ε(p,x) :=
√
(cp− eA(x))2 +m2c4 . (3.11)
With this hoie the eigenvetors are orthonormal and omplete, i.e.
V †±(p,x) V±(p,x) = 12 , V
†
∓(p,x) V±(p,x) = 0 ,
and V+(p,x)V
†
+(p,x) + V−(p,x)V
†
−(p,x) = 14 .
(3.12)
Now S±(x) solving one of the Hamilton-Jaobi equations (3.8) is not suient in order to
satisfy eq. (3.7). Instead we also need a±0 (x) to be of the form
a±0 (x) = V±(∇xS,x) b±(x) (3.13)
with the still unknown funtion b±(x) taking values in C2.
An equation for b± an be obtained from the next-to-leading order equation deriving
from (3.5) by inserting (3.13) and multiplying with V †±(∇xS,x) from the left yielding
cV †±(∇xS,x)αV (∇xS,x) (∇xb±) + cV †±(∇xS,x)α[(∇xV )(∇xS,x)] b± = 0 . (3.14)
After some algebra one arrives at
[
(∇pH±)(∇xS,x)
]
(∇xb±) + 1
2
[∇x(∇pH±)(∇xS±,x)] b± + i
2
σB±(∇xS±,x) b± = 0
with B
±(p,x) = ∓ec
ε
B(x) +
ec
ε(ε+mc2)
[cp− eA(x)]×E(x) .
(3.15)
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Here we have introdued the eletri and magneti elds
E(x) = −∇φ(x) and B(x) = ∇×A(x) . (3.16)
Equation (3.15) is of the same form as the salar transport equation (2.10) exept for the
extra term
i
2
σB± b±. Thus we an exploit our knowledge of how to solve (2.10) by making
the ansatz
b±(x) =
√
det
∂y
∂x
u±(x) (3.17)
leaving us with the spin transport equation
u˙± +
i
2
σB±(∇xS±,x) u± = 0 (3.18)
for the C2-valued funtion u±(x), where the dot denotes a derivative along the Hamiltonian
ow φtH±, f. eq. (2.11).
Given an initial value u±(y) at a point y its value at a point x, whih is onneted to
y by the trajetory φtH±(ξ,y), is given by
u±(x) = d±(ξ,y, t) u
±(y) , (3.19)
where d±(ξ,y, t) is a 2 × 2 matrix. We have expliitly indiated the dependene of d± on
the initial point in phase spae (ξ,y) where we start the integration and the time t until
whih we proeed. Clearly, d± also has to solve a spin transport equation,
d˙±(ξ,y, t) +
i
2
σB±(φtH±(ξ,y)) d±(ξ,y, t) = 0 , d±(ξ,y, 0) = 12 . (3.20)
Sine the oeient
i
2
σB± takes values in the Lie algebra su(2) it follows that d±(ξ,y, 0) ∈
SU(2). More preisely, the matrix valued funtion d± is an SU(2)-valued oyle of the
ow φtH as one easily veries the omposition law
d±(ξ,y, t+ t
′) = d±(φ
t
H±(ξ,y), t
′) d±(ξ,y, t) . (3.21)
Aordingly we an dene the skew produt ow [43℄
Y t± : R
d × Rd × SU(2) → Rd × Rd × SU(2)
(p,x, g) 7→ (φtH±(p,x), d±(p,x, t)g) (3.22)
whih preserves the produt of Liouville measure on phase spae Rd × Rd and Haar mea-
sure on SU(2), see [43℄. Sine the oyle d± takes values in the group G = SU(2) this
onstrution is also known as a group extension or, more preisely as an SU(2)-extension.
At this point the spin degree of freedom is still desribed on a quantum mehanial
level in the sense that it is represented by elements of C2 whih are evolved in time by an
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SU(2)-valued propagator. It is, however, possible to swith to a purely lassial desription.
To this end onsider the adjoint representation of SU(2) dened by
Adg : su(2)→ su(2)
Z → gZg−1 . (3.23)
Sine an element of the Lie algebra su(2) an be written as a linear ombination of the
Pauli matries, Z = zσ, z ∈ R3, expanding also the right hand side of (3.23) in this basis,
gZg−1 =
(
ϕ(g)z
)
σ, provides us with a rotation matrix ϕ(g). The map ϕ : SU(2)→ SO(3)
is two-to-one and known as the overing map. Antiipating lassial spin as a vetor of
onstant length let us onsider s0 ∈ S2 →֒ R3. On easily veries that s = ϕ(d(ξ,y, t)) s0
solves
s˙ = B±(φtH±(ξ,y))× s (3.24)
i.e. the equation of Thomas preession [32, 33℄, whih has thus been derived from the Dira
equation [21, 44, 42, 41℄. Classial spin preession (3.24) and the Hamiltonian ow φtH±
an now be ombined into the lassial skew produt [45℄
Y tcl± : R
d × Rd × S2 → Rd × Rd × S2
(p,x, s) 7→ (φtH±(p,x), ϕ(d±(p,x, t))s) . (3.25)
As opposed to Y t± this is a sympleti ow onserving the produt of Liouville measure on
the phase spae R
d × Rd of the translational degrees of freedom and the surfae element
on the sphere S2 whih ats as the phase spae for the spin degree of freedom. As we will
see below the properties of Y tcl± determine the semilassial solutions of the Dira equation
as the properties of φtH± determine that of the Shrödinger equation.
Colleting the results of the previous paragraphs, so far we have obtained the following
expression for the semilassial wave funtion for the Dira equation,
Ψ±sc(x) ∼
√
det
∂y
∂x
e
i
~
S±(x) V±(∇xS±,x) d±(ξ,y, t) u±(y) . (3.26)
The new ingredients as ompared to (2.13) are the projetion matries V± seleting either
positive or negative kineti energies and the spinor part d±(ξ,y, t) u
±(y). We an now
explain why (3.26) does not immediately lead to a generalisation of the EBK quantisation
onditions (2.22). Assume that the Hamiltonian ow generated by either H+(p,x) or
H−(p,x) is integrable in the sense of Theorem 1. Then we know that the fators
√
det ∂y
∂x
and e
i
~
S±(x)
an be dened globally by the onstrution desribed in the preeeding setion.
This also applies to the projetion matrix V± whih simply has to be evaluated along the
respetive path of integration; in partiular, for a losed path also the value of V± returns
to its initial value thus not ontributing to the quantisation onditions.
In ontrast, integrating the spin transport equation (3.20) along a losed path Cj will
yield an SU(2)matrix dj. Thus the initial and nal values of the semilassial wave funtion
(3.26) would not just dier by a phase fator but by an SU(2) transformation whih would
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have to be ompensated for in order to turn Ψsc(x) into a globally single-valued objet.
Even worse, integration along a dierent loop Ck 6=j (whih we still have to dene, so far we
are only able to integrate (3.20) along the ow lines of φtH±) will in general yield a dierent
SU(2) matrix dk 6=j whih need not ommute with the rst one. This an make it impossible
to nd a globally well-dened semilassial solution as was pointed out by Emmrih and
Weinstein in a general setting [29℄. From the point of view of physis this is not surprising.
We know that in order to be able to use EBK quantisation the orresponding lassial
system has to be integrable. Now we are dealing with a system that has an additional
degree of freedom, namely spin. So far, however, we have not imposed any ondition on
the spin dynamis but we have only required the Hamiltonian ow φtH± to be integrable.
In the following setion we will show how the notion of integrability an be extended to
skew produts of the form (3.22) or (3.25) and prove a generalisation of Theorem 1.
4 Integrability of skew produts
From the point of view of semilassis the ruial aspet in the haraterisation of integrable
systems by Theorem 1 is the geometrial desription of the invariant manifolds whih is
a onsequene of the existene of ommuting ows φt1, . . . , φ
t
d. Therefore, one has to nd
a generalisation of the ondition (2.14). We will show that in this sense the following
denition provides a good generalisation of the notion of integrability.
Denition 2. The skew produt Y tcl± is alled integrable, if
(i) the underlying Hamiltonian ow φtH± is integrable in the sense of Liouville and Arnold
(Theorem 1), i.e. besides the Hamiltonian H±(p,x) =: A1(p,x) there are d−1 more
independent integrals of motion, A2(p,x), . . . , Ad(p,x) with
{Aj , Ak} = 0 ∀ j, k = 1, . . . , d (4.1)
and
(ii) the ows φt2, . . . , φ
t
d an also be extended to skew produts Ycl
t
j on R
d × Rd × S2
(Y tcl± ≡ Yclt1) with elds Bj(p,x), i.e
Ycl
t
j(p,x, s) =
(
φtj(p,x), ϕ(dj(p,x, t))s
)
(4.2)
d˙j(p,x, t) +
i
2
σBj(φ
t
j(p,x)) dj(p,x, t) = 0 , dj(p,x, 0) = 12 , (4.3)
fullling
{Aj ,Bk}+ {Bj , Ak} − Bj × Bk = 0 ∀ j, k = 1, . . . , d . (4.4)
In view of what was said above let us rst show that this is indeed a good denition by
the following lemma.
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Lemma 3. Two skew produts Ycl
t
j and Ycl
t
k of the type (4.2) ommute if and only if the
orresponding base ows φtj and φ
t
k ommute and if the elds Bj and Bk full
{Aj ,Bk}+ {Bj , Ak} − Bj × Bk = 0 . (4.5)
Proof: Sine the two skew produts an only ommute if the orresponding base ows
ommute it remains to show that
ϕ
(
dj(φ
t
k(p,x), t
′)
)
ϕ(dk(p,x, t)) s = ϕ
(
dk(φ
t′
j (p,x), t)
)
ϕ(dj(p,x, t
′)) s (4.6)
for all (p,x, s) ∈ Rd × Rd × S2 and all t, t′ ∈ R, or equivalently
ϕ
(
dj(φ
t
k(p,x), t
′)
)
ϕ(dk(p,x, t)) = ϕ
(
dk(φ
t′
j (p,x), t)
)
ϕ(dj(p,x, t
′)) (4.7)
for all (p,x) ∈ Rd × Rd and all t, t′ ∈ R. Moreover, sine ϕ is a double overing, (4.5) is
also equivalent to
dj(φ
t
k(p,x), t
′) dk(p,x, t)
[
dk(φ
t′
j (p,x), t) dj(p,x, t
′)
]−1
= ±12 . (4.8)
However, due to
dj(φ
t
k(p,x), t
′) dk(p,x, t)
[
dk(φ
t′
j (p,x), t) dj(p,x, t
′)
]−1∣∣∣∣
t′=0
= +12 . (4.9)
we onlude that
(4.5) ⇔ ∆(t, t′) = 0 , (4.10)
where the dierene ∆(t, t′) is dened by
∆(t, t′) := dj(φ
t
k(p,x), t
′) dk(p,x, t)− dk(φt′j (p,x), t) dj(p,x, t′) . (4.11)
It is easy to see that ∆(t, 0) = ∆(0, t′) = 0 ∀ t, t′ and thus
∆(t, t′) =
∂2∆
∂t∂t′
(0, 0) tt′ + (t2 + t′2) , t, t′ → 0 . (4.12)
The relevant seond derivative is given by
∂2∆
∂t∂t′
(0, 0) =
∂
∂t
[
− i
2
σBj(φ
t
k(p,x)) dk(p,x, t)
]
t=0
− ∂
∂t′
[
− i
2
σBk(φ
t′
j (p,x)) dj(p,x, t
′)
]
t′=0
=
[
− i
2
σ{Ak,Bj}(p,x) + i
2
(
σBj(p,x)
) i
2
(
σBk(p,x)
)]
−
[
− i
2
σ{Aj ,Bk}(p,x) + i
2
(
σBk(p,x)
) i
2
(
σBj(p,x)
)]
=
i
2
σ
[{Bj , Ak}+ {Aj ,Bk} −Bj ×Bk](p,x) ,
(4.13)
15
whih already proves one half of Lemma 3: If the skew produts Ycl
t
j and Ycl
t
k ommute
then (4.5) holds. For the reverse diretion notie that (4.5) now implies
∆(t, t′) = (t2 + t′2) , t, t′ → 0 . (4.14)
Dividing the time intervals t and t′ into N subintervals of length ε = t/N and ε′ = t′/N ,
respetively, we an rewrite the rst term in (4.11) as follows,
dj(φ
t
k(p,x), t
′) dk(p,x, t)
= dj(φ
t
k ◦ φε
′
j (p,x), t
′ − ε′) dj(φtk(p,x), ε′) dk(φt−εk (p,x), ε)︸ ︷︷ ︸
=:(∗)
dk(p,x, t− ε)
(∗) = dk(φt−εk ◦ φε
′
j (p,x), ε) dj(φ
t−ε
k (p,x), ε
′) + (ε2 + ε′2) .
(4.15)
Repeating this proedure N2 times yields
∆(t, t′) = N2 (ε2 + ε′2) = N2 (1/N2) = (1) , N →∞ , (4.16)
i.e. ∆(t, t′) vanishes whih proves Lemma 3. 
Having thus established a reasonable generalisation of the notion of integrability we
an now state the main result of this setion.
Theorem 4. If the skew produt ow Y tcl± is integrable, the ombined phase spae R
d ×
Rd × S2 an be deomposed into invariant bundles Tθ pi−→ Td over Liouville-Arnold tori
T
d
with typial bre S1. The bundles an be embedded in Td × S2 suh that the bres are
haraterised by the latitude with respet to a loal diretion n(p,x), i.e.
Tθ = {(p,x, s) ∈ Td × S2 |∢(s,n(p,x)) = θ} . (4.17)
As we have seen above, integrability of Y tcl also implies similar properties of Y
t
. Let
us therefore state the following proposition for group extensions, the proof of whih will
failitate the proof of Theorem 4.
Proposition 5. Let φt1 be an integrable Hamiltonian ow in the sense of Theorem 1. A
group extension Y t1 of φ
t
1 with group G = U(n) or a subgroup thereof,
Y t1 : R
d × Rd ×G → Rd × Rd ×G
(p,x, g) 7→ (φt1(p,x), d(p,x, t) g) , (4.18)
d˙(p,x, t) +M
(
φt1(p,x)
)
d(p,x, t) = 0 , d(p,x, 0) = 1n , M : R
d × Rd → g , (4.19)
where g is the Lie-albegra of G, is alled integrable if the ows φt1, . . . , φ
t
d an also be
extended to G-extensions Y t2 , . . . , Y
t
d with
{Aj,Mk}+ {Mj , Ak}+ [Mj ,Mk] = 0 ∀ j, k = 1, . . . , d . (4.20)
Then (4.19) denes a onnetion in the trivial prinipal bundle Td × G whose holonomy
group is an Abelian subgroup of G.
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We remark that in the ase of G = SU(2) the matries Mj take the form
Mj(p,x) =
i
2
σBj(p,x) (4.21)
thus reduing ondition (4.20) to (4.4).
Proof of Proposition 5: First notie that ondition (4.20) ensures the ommutativity
of the G-extensions Y t1 , . . . , Y
t
d . This an be seen by repeating the proof of Lemma 3 where
in the denition (4.11) of the dierene ∆(t, t′) the matries dj and dk take values in G,
see (4.19). Then equation (4.12) is still valid and (4.13) reads
∂2∆
∂t∂t′
(0, 0) =
({Mj , Ak}+ {Aj ,Mk}+ [Mj ,Mk])(p,x) . (4.22)
The following steps up to (4.16) an be adopted identially.
Now dene the multi-time ow
Y
t := Y tdd ◦ · · · ◦ Y t11 , (4.23)
where due to ommutativity of the ows Y t11 , . . . , Y
td
d ordering is irrelevant. Expliitly we
have
Y
t(p,x, g) =
(
(φtdd ◦ · · · ◦ φt11 )(p,x), d(p,x, t) g
)
with (4.24)
d(p,x, t) : = dd
(
(φ
td−1
d−1 ◦ · · · ◦ φt11 )(p,x), td
)
· · · d1(p,x, t1)g . (4.25)
Consider a Liouville-Arnold torus Td whih is invariant under the restrition of Yt to
Rd × Rd. The multi-time oyle (4.25) then denes a onnetion in Td × G. In order to
determine the holonomy of this onnetion hoose a basis {Cj} of losed loops on Td as
desribed in setion 2. With eah loop Cj we an assoiate a unique (minimal) tuple tj
suh that
Φt(p,x) , tk ∈ [0, (tj)k] , k = 1, . . . , d (4.26)
topologially desribes Cj for any (p,x) ∈ Td. We denote the oyle d(p,x, tj) assoiated
with Cj by dj(p,x), i.e.
Y
tj (p,x, g) = (p,x, dj(p,x) g) . (4.27)
We immediately see that due to the ommutativity of the skew produts Y tj the oyles
dj(p,x) ommute thus generating the Abelian subgroup
H(p,x) =
{
g ∈ G
∣∣∣∣∣ g =
d∏
j=1
[dj(p,x)]
nj ,n ∈ Zd
}
(4.28)
of G. In order to see how two suh groups, say H(p,x) and H(p′,x′), are related, reall that
for any two points (p,x) and (p′,x′) on a Liouville-Arnold torus there exists a d-tuple t
suh that
Φt(p,x) = (p′,x′) . (4.29)
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Again due to ommutativity we have the equality
Y
tj = Y−t ◦ Ytj ◦ Yt (4.30)
implying
dj(p,x) = d(p
′,x′,−t) dj(p′,x′) d(p′,x′, t) . (4.31)
Moreover,
Y
−t ◦ Yt = id ⇒ d(p′,x′,−t) = [d(p′,x′, t)]−1 (4.32)
and thus
H(p′,x′) = gH(p,x)g
−1 , g := d(p′,x′, t) , (4.33)
i.e. the subgroups H(p′,x′) at dierent points are obtained by onjugation with a group
element g ∈ G. Thus H(p,x) and H(p′,x′) are isomorphi and we have identied the Abelian
group (4.28) as the holonomy group of the onnetion dened by (4.19). 
Proof of Theorem 4: Applying Proposition 5 to the SU(2)-extension (3.22), with eah
point (p,x) on a Liouville-Arnold torus is assoiated an Abelian subgroup H(p,x) of SU(2).
Abelian subgroups of SU(2) are either one-parameter subgroups or disrete subgroups
thereof, i.e. we an assoiate with eah point (p,x) ∈ Td a one-parameter subgroup of
SU(2). The latter an be parametrised as
Hn :=
{
g ∈ SU(2) ∣∣ g = e−iα2σn , α ∈ [0, 4π)} (4.34)
with a diretion haraterised by the unit vetor n ∈ S2 →֒ R3. By means of the overing
map ϕ, see denition below (3.23), this onstrution uniquely determines a one-parameter
subgroup of SO(3), ϕ(Hn(p,x)), at eah point (p,x) of a Liouville-Arnold torus. This fat
in turn allows for a onstrution of invariant manifolds of Y tcl. Consider a point (p,x) ∈ Td
and a spin vetor s ∈ S2 →֒ R3. Transporting s along a path on Td by means of the
multi-time ow
Y
t
cl := Ycl
td
d ◦ · · · ◦ Yclt11 : (p,x, s) 7→
(
(φtdd ◦ · · · ◦ φt11 )(p,x), ϕ(d(p,x, t)) s
)
(4.35)
gives rise to rotations ϕ(d(p,x, t)) of s. The rotation assoiated with a losed path Cj is
given by the rotation matrix ϕ(dj(p,x)) ∈ ϕ(Hn(p,x)) ⊂ SO(3). Thus whenever the path
on the Liouville-Arnold torus is losed the spin vetor s returns to a point on the irle
ϕ(Hn(p,x))s, whih is a parallel of latitude with respet to the axis n(p,x). Corresponding
irles at dierent points (p′,x′) are obtained as follows, see gure 2. The one-parameter
subgroups at dierent points of the torus are related by onjugation with d(p,x, t), see
(4.31). However, from the denition of the overing map ϕ, see below (3.23), it follows
that
Hn(p′,x′) = d(p,x, t)Hn(p,x) [d(p,x, t)]
−1 = Hϕ(d(p,x,t))n . (4.36)
On the other hand from
Y
t
cl(p,x, t) = (p
′,x′, ϕ(d(p,x, t))s) (4.37)
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ϕ(H       )sn(p,x)
(H        )s’
s’
s
n(p,x)
n(p’,x’)
(p,x)(p’,x’)
Figure 2: Illustration of the invariant manifolds Tθ, see (4.17). At dierent points of the Liouville-
Arnold torus T
d
spin vetors are restrited to parallels of latitude with dierent axes n; the angle
∢(s,n(p,x)) = ∢(s′,n(p′,x′)) is onserved
we see that by moving from (p,x) to (p′,x′) the spin vetor s is rotated in the same way
as is the axis n. Therefore the angle
θ := ∢(s,n(p,x)) (4.38)
is onserved by Ytcl and thus by Y
t
cl, and the bundles Tθ, see (4.17), are invariant, onluding
the proof of Theorem 4. 
5 Quantisation and spin rotation angles
With the novel notion of integrability for skew produts at hand we an now return to the
semilassial wave funtion (3.26) of the Dira equation. We have already seen that exept
for the spin transporter d±(ξ,y, t) all terms in the loal expression (3.26) an be given
a global meaning provided that the lassial translational dynamis is integrable. In the
ase of the Shödinger equation, this observation led to the EBK quantisation onditions
in a straightforward way, see setion 2. We will now show that this is also the ase for the
Dira equation if the skew produt ow Y tcl± is integrable in the sense of Denition 2.
Theorem 4 provides us with a method for integrating the spin transport equation not
only along the ow lines of φtH± but also along those of the ows φ
t
2, . . . , φ
t
d, whih are
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dened in the Theorem 1. The resulting spin transporter is dened on the whole Liouville-
Arnold torus and given by the multi-time oyle d(p,x, t), see (4.25), for a point (p,x)
whih is reahed from (ξ,y) by Φt(ξ,y) = (p,x). For a losed path Cj the initial and nal
values of the spin part u± of the semilassial wave funtion are still related by the SU(2)
transformation dj(ξ,y). However, provided that the skew produt Y
t
cl± is integrable we
know that the matries dj(ξ,y) for dierent loops Cj ommute. Therefore we an hoose
u± to be a simultaneous eigenvetor of these SU(2)-matries whih eetively redues the
SU(2)-holonomy to a simple phase, i.e. a U(1)-holonomy.
Introduing the loal axis n(ξ,y), see Theorem 4, we have
dj(ξ,y) = e
− i
2
αjσn(ξ,y) , (5.1)
where αj is the angle by whih a lassial spin vetor is rotated about the axis n(ξ,y) when
transported along Cj ; note that αj has to measured modulo 4π. The spin part u±(y) of
the wave funtion (3.26) is hosen to be an eigenvetor of σn(ξ,y) with eigenvalue either
+1 or −1. Thus the phase shift resulting from spin transport is given by e∓iαj/2. Together
with the ontribution from the lassial ation and the Maslov phase, f. (2.22), the total
phase shift suered by the wave funtion when going through the yle Cj is
1
~
∮
Cj
P dX − π
2
µj ∓ αj
2
. (5.2)
Requiring this to be be an integer multiple of 2π in order to obtain a single valued wave
funtion yields the novel quantisation onditions∮
Cj
P dX = 2π~
(
nj +
µj
4
+ms
αj
2π
)
(5.3)
where we have introdued the spin quantum number ms = ±12 . Equation (5.3) is our
entral result replaing the EBK quantisation ondition (1.5) in the ase of relativisti
partiles with spin
1
2
. If the lassial Hamiltonian H±(p,x) expressed in ation and angle
variables (I,ϑ), see (2.23), is given by H(I) then the semilassial eigenvalues resulting
from (5.3) read
E±n,ms = H
(
~
(
n+
µ
4
+ms
α
2π
))
. (5.4)
So far we have only employed the ows Ycl
t
j resulting from the Hamiltonians A1 =
H±, A2, . . . , Ad omplemented with elds Bj(p,x). For pratial purposes it is helpful to
diretly make use of the ows φtIj generated by the ation variables I in the semilassial
quantisation proess. To this end these ows have to be extended to skew produts on
R
d×Rd×S2 by some suitable elds BIj . Transport along a basis yle Cj is then given by
Y 2piIj and the relevant SU(2) transformation dj = exp(−iαjσn/2) is given by the oyle of
just one ow instead of the a linear ombination of the d ows. Sine
φtH± = φ
ωdt
Id
◦ · · · ◦ φω1tI1 , (5.5)
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where ω are the fundamental frequenies, see (2.17), we have to require that
Y tcl±
!
= Y ωdtId ◦ · · · ◦ Y ωd1I1 , (5.6)
yielding the onsisteny ondition
B
± =
d∑
j=1
ωjBIj . (5.7)
We will illustrate these remarks when applying the method to expliit examples in setions
7  9.
6 Non-relativisti limit: The Pauli equation
In this setion we show that the semilassial quantisation sheme developed in the pre-
eding setions for the Dira equation arries over to the Pauli equation. The latter arises
as a non-relativisti approximation to the Dira equation but an also be generalised to
desribe partiles with spin s ∈ N0/2 other than s = 12 . We show that also in the ase
with s 6= 1
2
the semilassial analysis of the Pauli equation gives rise to a skew produt
on Rd × Rd × S2 whih an then be quantised along the same lines as in the ase of the
Dira equation. We keep the presentation short relying heavily on our treatment of the
Dira equation in the preeding setions; details on the semilassial analysis of the Pauli
equation with arbitrary spin an be found in [46℄.
The Pauli equation for a spin-
1
2
partile an be obtained from the Dira equation (3.1)
in the non-relativisti limit c →∞, see e.g. [47, 48℄. With the representation (3.3) of the
matries α and β and writing the Dira spinor as ΨT = (ψT , χT ) with ψ, χ ∈ L2(R3)⊗C2
one nds the following equation for the upper two omponents,
HˆPψ(x) = Eψ(x) (6.1)
with Pauli Hamiltonian
HˆP = − ~
2
2m
(
~
i
∇− e
c
A(x)
)2
+ eφ(x)− e
mc
B(x)
~
2
σ . (6.2)
Let us generalise our disussion to Pauli Hamiltonians
HˆP = HˆS +
~
2
dπs(σ)Bˆ , (6.3)
where HˆS is a Shrödinger Hamiltonian with Weyl symbolH(p,x), dπs(σ) denotes the 2s+
1 dimensional (derived) irreduible representation of su(2) and Bˆ is the Weyl quantisation
of the lassial vetor valued funtion B(p,x) on phase spae. The wave funtion ψ has
now 2s + 1 omponents, i.e ψ ∈ L2(Rd) ⊗ C2s+1. The speial ase (6.2) is reovered by
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the hoies d = 3, s = 1
2
, H(p,x) = 1
2m
(
p− e
c
A(x)
)2
+ eφ(x) and B(p,x) = − e
mc
B(x).
Spin-orbit oupling an, e.g., be desribed by
Bso(p,x) = f(r)L , (6.4)
where L = x×p is orbital angular momentum and f is an arbitrary funtion of the radial
oordinate r = |x|.
As in (2.5) we make the ansatz
ψ(x) =
∑
k≥0
(
~
i
)k
ak(x) e
i
~
S(x)
(6.5)
with salar S, and ak taking values in C
2s+1
. Upon inserting (6.5) into the Pauli equation
(6.1) with Hamiltonian (6.3), in leading order we nd the Hamilton-Jaobi equation
H(∇xS,x) = E (6.6)
and in next-to-leading order we obtain the transport equation
[(∇pH)(∇xS,x)] (∇xa0) + 1
2
[∇x(∇pH)(∇xS,x)] a0 + i
2
dπs(σ)B(∇xS,x) a0 = 0 . (6.7)
As below (3.15) the ansatz
a0(x) =
√
det
∂y
∂x
u(x) (6.8)
leaves us with the spin transport equation
u˙(x) +
i
2
dπs(σ)B(∇xS,x) u(x) = 0 . (6.9)
Integration along a trajetory with φtH(ξ,y) = (p,x) yields
u(x) = πs(d(ξ,y, t)) u(y) , (6.10)
where πs denotes the 2s+1 dimensional unitary irreduible representation of SU(2) and d
solves the spin transport equation
d˙(ξ,y, t) +
i
2
σB
(
φtH(ξ,y)
)
d(ξ,y, t) = 0 , d(ξ,y, 0) = 12 , (6.11)
in SU(2). Thus the overing map ϕ : SU(2)→ SO(3) still relates spin transport to lassial
spin preession,
s˙ = B
(
φtH(ξ,y)
)× s , s ∈ S2 →֒ R3 , (6.12)
and we identify the skew produt ow
Y tcl(p,x, s) =
(
φtH(p,x), ϕ(d(p,x, t))s
)
(6.13)
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as the lassial system orresponding to the Pauli equation with Hamiltonian (6.3). If Y tcl
is integrable in the sense of Denition 2 we an use the same onstrution as in setion 5 to
dene a semilassial wave funtion assoiated with a Liouville-Arnold torus T
d
. Loally
we have
ψsc(x) ∼
√
det
∂y
∂x
e
i
~
S(x) πs(d(ξ,y, t)) u(y) . (6.14)
and the initial and nal values of u after transport along along a basis yle Cj are related
by πs(dj(ξ,y)). As in (5.1) we obtain
dj(ξ,y) = e
− i
2
αjσn(ξ,y) , (6.15)
where the axis n is speied by Theorem 4 and the angle αj is the rotation angle for a
lassial spin vetor. The representation matrix πs(dj(ξ,y)) has eigenvalues exp(−imsαj),
ms = −s,−s + 1, . . . , s, see e.g. [49℄. Upon hoosing n(ξ,y) to be an eigenvetor of
πs(dj(ξ,y)) the total phase hange of experiened by ψsc along a yle Cj is given by
1
~
∮
Cj
P dX − iπ
2
µj −msαj (6.16)
thus resulting in the semilassial quantisation onditions∮
Cj
P dX = 2π~
(
nj +
µj
4
+ms
αj
2π
)
, (6.17)
with n ∈ Zd and ms = −s,−s + 1, . . . , s.
7 Spherially symmetri systems
Before we treat some expliit examples in order to illustrate the novel quantisation on-
ditions (5.3) and (6.17) we show how to apply them to an important lass of integrable
systems, namely spherially symmetri systems.
A spherially symmetri Dira Hamiltonian has the struture
HˆD = cα
~
i
∇ + β mc2 + eφ(r) , (7.1)
where the eletrostati potential φ depends only on the radial variable r := |x|. One
easily veries that the Hamiltonian (7.1) ommutes with all omponents of total angular
momentum,
JˆD := Lˆ +
~
2
(
σ 0
0 σ
)
, Lˆ := x× ~
i
∇ . (7.2)
Sine one also has
[Jˆ
2
D, JˆDz] = 0 (7.3)
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one an hoose the eigenfuntions of HˆD to be also simultaneous eigenfuntions of Jˆ
2
D and
JˆDz.
Analogously a spherially symmetri Pauli Hamiltonian is of the form
HˆP = − ~
2
2m
∆+ eφ(x) +
~
2
dπs(σ) f(r)Lˆ , (7.4)
f. (6.4), and ommutes with all omponents of total angular momentum
JˆP := Lˆ +
~
2
dπs(σ) . (7.5)
Again due to
[Jˆ
2
P, JˆPz] = 0 (7.6)
the eigenfuntions of HˆP an be hosen suh that they are simultaneous eigenfuntions to
the modulus squared Jˆ
2
P and the z-omponent JˆPz of total angular momentum.
In the semilassial limit the Hamiltonians (7.1) and (7.4) both give rise to skew prod-
uts Y tcl on R
d × Rd × S2 with a spherially symmetri lassial Hamiltonian H(p, r) and
spin preession with elds of the form
B(p,x) = f(r)L . (7.7)
It is well-known that φtH is integrable in the sense of Liouville and Arnold sine
{H,L} = {H,M} = {L,M} = 0 (7.8)
where L and M are the modulus and z-omponent of lassial orbital angular momentum
L = x × p, respetively. We remark that L(p,x) not being smooth at points where p‖x
will not play a rle in the follwing sine all relevant onstrutions will stay away from these
points. Thus (7.8) holds wherever needed.
In order to show that Y tcl with eld (7.7) is also integrable we have to extend the ows
φtL and φ
t
M to skew produts with elds BL and BM fullling (4.4). To this end onsider
the Weyl symbol of the operator Jˆ := Lˆ + ~
2
σ,
J = p× x+ ~
2
σ . (7.9)
By straightforward alulation one nds
J := |J | = L+ ~
2
σ
L
L
+ (~2) and Jz = M +
~
2
σz . (7.10)
Comparing these to the Pauli Hamiltonian (7.4) suggests that
BL :=
L
L
and BM := ez , (7.11)
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where ez is the unit vetor in z-diretion, might be a good hoie. As one easily heks the
skew produts Y tcl, Y
t
L and Y
t
M obtained in this way indeed form a set of ommuting ows
on R
d × Rd × S2 and thus Y tcl is integrable, f. Theorem 4.
Spherially symmetri Hamiltonians H(p, r) an be separated in spherial oordinates
(r, θ, φ), see e.g. [31℄. Introduing the ation variables
Ir =
∮
pr dr , Iθ =
∮
pθ dθ and Iφ =
∮
pφ dφ , (7.12)
where pr, pθ and pφ denote the anonial momenta onjugate to r, θ and φ, respetively,
one always nds
Iφ = M and Iθ = L−M . (7.13)
The radial ation Ir depends on the partiular system under investigation and solving
Ir =
∮
pr(E, Iθ, Iφ)dr for E yields the Hamiltonian H in ation and angle variables. It is
a general feature of spherially symmetri systems that H does not depend on Iθ and Iφ
independently but only on the sum L = Iθ + Iφ, i.e. H is a funtion of Ir and L.
The motion generated by M = Iφ is a rotation about the z-axis and thus there is no
turning point in the time evolution of the oordinate φ yielding the Maslov index
µM = µφ = 0 . (7.14)
On the other hand the motion generated by Iθ takes plae between two turning points for
the oordinate θ and thus
µθ = 2 and aordingly µL = 2 . (7.15)
In order to nd the spin rotation angle αM one has to integrate the spin preession equation
s˙ = ez × s (7.16)
over one yle of φtM . The latter simply hanges the angle variable ϑM onjugate to M
with unit speed and we have
αM = 2π|ez| = 2π . (7.17)
Similarly φtL hanges ϑL with unit speed and sine BL = L/L is onstant along suh a
yle we also nd
αL = 2π|L/L| = 2π . (7.18)
Therefore, for any spherially symmetri Dira or Pauli equation we have semilassial
quantisation onditions
L = ~
(
l +
1
2
+ms
)
and M = ~ (ml +ms) (7.19)
with integers l and ml.
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Classial mehanis imposes the restritions
L ≥ 0 and M ≤ L . (7.20)
Dening the new quantum numbers j := l + ms and mj := ml + ms after some trivial
algebra one nds that (7.20) translates to
j ≥ 0 and mj = −j,−j + 1, . . . , j . (7.21)
Notie that if s is integer or half-integer, respetively, then so are j and mj . Finally the
semilassial quantisation onditions for angular momentum read
L = ~
(
j +
1
2
)
and M = ~mj . (7.22)
As mentioned at the end of setion 5 it will now be useful if we also nd a eld Br whih
turns the ow φtr generated by the ation variable Ir into a skew produt that ommutes
with Y tL and Y
t
M . To this end we may exploit the relation (5.7). Keeping in mind that H
is a funtion of Ir and L = Iθ + Iφ only, i.e. ωθ = ωφ = ωL = ∂H/∂L, this yields
Br =
B − ωLBL
ωr
. (7.23)
Sine B = f(r)L is parallel to BL = L/L and sine L is a onstant of motion Br does not
hange its diretion along the ow line of either φtH or φ
t
r. Therefore
αr =
∣∣∣∣∣
∫ 2pi
0
B − ωLLL
ωr
dϑr
∣∣∣∣∣ , (7.24)
where ϑr is the angle variable onjugate to Ir. Splitting the integrand into two terms,
B/ωr and −ωLL/(ωrL), the seond integration is again trivial. In the rst integral we an
make use of dϑr/ωr = dϑr/ϑ˙r = dt, where t is the physial time along a ow line of φ
t
H .
Therefore we have obtained the handy expression
αr =
∣∣∣∣∣∣
∮
radial
B
(
φtH(p,x)
)
dt− 2πωL
ωr
L
L
∣∣∣∣∣∣ (7.25)
where the remaining integral extends over one yle of the radial motion, e.g. from peri-
helion to aphelion and bak. The missing quantisation ondition then reads
Ir = 2π~
(
nr +
1
2
+ms
αr
2π
)
, (7.26)
where we have inserted µr = 2 for a typial radial motion between perihelion and aphelion.
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8 Example 1:
Harmoni osillator with spin-orbit oupling
As a rst example we disuss the three dimensional isotropi harmoni osillator with
spin-orbit oupling in a non-relativisti ontext with arbitrary spin.
The Pauli Hamiltonian
HˆP = − ~
2
2m
∆+
m
2
ω2r2 +
~
2
dπs(σ) κLˆ (8.1)
desribes an osillator with frequeny ω and for the spin-orbit oupling we have hosen a
Thomas term, i.e. the leading order expression of B
+
, see (3.15), in the non-relativisti
limit c→∞ with
eE = −∇
(m
2
ω2r2
)
= −mω2x (8.2)
i.e.
B+ =
ω2
2mc2
L + (c−4) . (8.3)
By omparison with (8.1) we have κ = ω2/(2mc2) but we may keep κ arbitrary for the rest
of the setion.
One usually determines the eigenvalues of (8.1) by rst observing that besides Jˆ
2
P and
JˆPz, see (7.5), also Lˆ
2
and sˆ2 = [~/2dπs(σ)]
2
ommute with HˆP and that the spin-orbit
term an be expressed in terms of these onserved quantities, see e.g. [50℄.
Obviously, the Hamiltonian (8.1) denes a spherially symmetri system as disussed in
the preeeding setion. Therefore, we immediately have the quantisation onditions (7.22)
for total angular momentum. The semilassial eigenvalues, however, an even be found in
a more straightforward way than to draw on (7.25). To this end notie that the lassial
Hamiltonian H(p, r) = p
2
2m
+ m
2
ω2r2 transformed to ation and angle variables reads
H(Ir, L) = ω(2Ir + L) . (8.4)
Semilassial quantisation with s = 0 yields
Enrl = ~ω
(
2n+ l +
3
2
)
, (8.5)
exhibiting the zero point energy of 3~ω/2 of the three independent osillators in x-, y-
and z-diretion. Sine H only depends on a linear ombination of Ir and L the problem
has an even higher degeneray than general spherially symmetri systems. Thus we may
introdue the new ation variable
I1 := 2Ir + L (8.6)
with orresponding frequeny ω1 = ∂H/∂I1 = ω. From (8.5) we see that without spin I1
has to be quantised as I1 = ~(2n + l +
3
2
). In order to nd the orretion from the spin
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ontribution we have to extend φtI1 to a skew produt Y
t
I1
that ommutes with Y tcl. The
onsisteny ondition (5.7) uniquely determines the relevant eld B1, sine it redues to
B = ω1B1 ⇒ B1 = B
ω1
=
κ
ω
L . (8.7)
Integration of the spin preession equation s˙ = B1 × s is one more trivial sine L is a
onstant of motion and we get
α1 =
2πκ
ω
|L| = 2π~κ
ω
(
l +
1
2
+ms
)
. (8.8)
Finally, the semilassial energies read
Enrlms = ~ω
(
2n+ l +
3
2
)
+ms~
2κ
(
l +
1
2
+ms
)
. (8.9)
For spin s = 1
2
these are the exat eigenvalues of the Hamiltonian (8.1) whereas for s 6= 1
2
they are good approximations to the exat eigenvalues if l is large, i.e. if the ation variable
L is large ompared to ~ as required for semilassial approximations.
At this point a short remark onerning the pratial appliation of onditions (5.3) or
(6.17) is in order: In general the spin rotation angels α an depend on the ation variables
I. If the dependene is simple as in this example (α1 depends on L but not on I1, αL and
αM are onstant) one an reursively apply (6.17) as was done above: First we quantised
L and then used the result when quantising I1. In general, however, one may rst have
to solve the quantisation onditions (6.17) for the ation variables I before inserting the
result into the Hamiltonian H(I).
9 Example 2:
Sommerfeld's theory of ne struture revisited
In this setion we address the lassi problem of Sommerfeld's theory of ne struture
whih was already mentioned in the introdution as a motivating example.
To this end we have to onsider the relativisti Kepler problem with lassial Hamilto-
nian
H(p, r) = −e
2
r
+
√
c2p2 +m2c4 . (9.1)
Solutions of Hamilton's equations of motion orresponding to bound states are given by
Rosettenbahnen, ellipses with moving perihelia. Sine (9.1) is spherially symmetri
angular momentum is onserved and the motion takes plae in a plane. Introduing polar
oordinates in this plane the orbits an be expressed as
1
r(φ)
=
e2E
c2L2 − e4︸ ︷︷ ︸
:=C
+
√
c2L2E2 + (c2L2 − e4)m2c4
c2L2 − e4︸ ︷︷ ︸
:=A
cos
( √
c2L2 − e4
cL︸ ︷︷ ︸
:=γ
φ
)
, (9.2)
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where for later referene we have dened the onstants C, A and γ. Detailed information on
the lassial mehanis of the relativisti Kepler problem an, e.g., be found in Sommerfeld's
original artile [6℄ or in his book [51℄. Transforming the Hamiltonian to ation and angle
variables yields
H(Ir, L) = mc
2

1 + e4/c2(
Ir +
√
L2 − e4/c2
)2


−1/2
. (9.3)
Sommerfeld quantised the system using (1.2) by demanding
Ir = ~nr and L = ~l (9.4)
with integers nr and l. Classial mehanis imposes the restritions Ir ≥ 0 and L ≥ 0
yielding nr, l ≥ 0. Moreover, Sommerfeld exluded l = 0 beause in this ase the eletron
would ollide with the nuleus. Thus he found the energy levels
ESommerfeldnrl = mc
2

1 + α2S(
nr +
√
l2 − α2S
)2


−1/2
, nr ∈ N0 , l ∈ N , (9.5)
where αS = e
2/(~c) denotes Sommerfeld's ne struture onstant.
When now quantising the relativisti Kepler problem with spin
1
2
using onditions (5.3)
rst notie that due to spherial symmetry we have, f. (7.19),
L = ~
(
l +
1
2
+ms
)
, ms = ±1
2
. (9.6)
Sine the additional onditions (7.20) do not allow the ombination l = 0, ms = −12 (whih
would lead to a negative quantum number j) we see that L/~ ∈ N, i.e. it assumes the
same values as in Sommerfeld's presription (9.4).
In order to quantise the radial ation variable Ir we also have to alulate the spin
rotation angle αr to whih end we an use the general formula (7.25). The eld B ourring
in the equation of spin preession an be obtained from B
+
, see (3.15), by inserting E =
−∇(−e2/r) yielding
B =
e2c2
ε(ε+mc2)
1
r3
L . (9.7)
where ε was dened in equation (3.11). Without restrition we may hoose L‖ez for our
alulation leading to
L =
ε
c2
r2 φ˙ez ⇒ B = e
2
ε+mc2
1
r
φ˙ ez . (9.8)
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Using E = H(p, r) = −e2/r + ε, see (9.1), this expression further simplies to
B =
e2
(E +mc2)r + e2
φ˙ ez . (9.9)
whih is niely adapted for use in (7.25),∮
radial
B dt = ez
∮
radial
e2
(E +mc2)r(φ) + e2
dφ = ez
∮
radial
[
1− E +mc
2
E +mc2 + e2/r(φ)
]
dφ .
(9.10)
Changing variables to η = γφ and inserting (9.2) we get
=
ez
γ
∮
radial
[
1− E +mc
2
E +mc2 + e2C + e2A cos(η)
]
dφ =
ez
γ
(1− 2πγ) , (9.11)
where the alulation of the last integral is tedious but elementary. From (9.3) we easily
determine the frequeny ratio in the seond term of (7.25) to ωL/ωr = γ
−1
and sine we
have hosen L‖ez we obtain
αr =
∣∣∣∣ez
(
1
γ
− 2π
)
− ez
γ
∣∣∣∣ = 2π . (9.12)
This remarkable result turns (7.26) into the rather trivial ondition
Ir = ~
(
nr +
1
2
+ms
)
(9.13)
with integer nr and ms = ±12 . Moreover, lassial mehanis demands Ir ≥ 0 and thus
Ir/~ ∈ N0, i.e. the values assumed are again idential to those predited by Sommerfeld's
ondition (9.4).
Finally we have found the semilassial energies,
Enrlms = mc
2

1 + α2S(
nr +
1
2
+ms +
√
(l + 1
2
+ms)2 − α2S
)2


−1/2
, (9.14)
whih are idential to those obtained from the exat solution of the Dira equation (3.1)
with potential −e2/r, see e.g. [47, 50℄, as an be most easily heked by introduing the
quantum numbers j andmj of total angular momentum, see below (7.20), and the prinipal
quantum number n, assoiated with I := Ir + L, by I = ~n. Although Sommerfeld's
formula (9.5) also yields the orret energy levels of the hydrogen atom it predits the
wrong multipliities. This problem is retied by the present treatment as an be heked
straightforwardly. Consider, e.g., the ground state whih in (9.5) is obtained by nr = 0,
l = 1, and thus is non-degenerate. On the other hand in (9.14) the same energy is obtained
by hoosing either nr = −1, l = 0, ms = 12 , or nr = 0, l = 1, ms = −12 . Alternatively these
states an be haraterised by n = 1, j = 1
2
, mj = ±12 yielding a multipliity of 2 as in the
exat quantum spetrum.
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10 Conlusions
In this artile we have derived semilassial quantisation onditions for the Dira and Pauli
equations. We have shown that spin yields a ontribution of the same order of magnitude
as the Maslov orretion. The spin ontribution is determined by rotation angles for a
lassial spin vetor that is transported along orbits of the translational dynamis.
The ruial step in the derivation of the semilassial quantisation onditions was the
generalisation of the notion of integrability to ertain skew produts and group extensions.
The relevant integrability onditions enabled us to eetively redue the non-Abelian Berry
phases, appearing in the analysis of multi-omponent wave equations, to a U(1)-holonomy,
i.e. to an ordinary phase fator. The latter an then be inorporated into the quantisation
onditions.
We remark that our treatment generalises to arbitrary multi-omponent wave equations
for whih the prinipal symbol of the Hamiltonian has eigenvalues with arbitrary but on-
stant multipliity. One then has to deal with G-extensions, where G = U(n) or a subgroup
thereof, of the ray dynamis (generated by the eigenvalues of the prinipal symbol). Propo-
sition 5 provides us with the relevant integrability ondition whih allows for an eetive
redution of the holonomy group G to an Abelian subgroup H . The spin rotation angles
are then replaed by the eigenphases of some unitary representation matries of H .
In setion 9 we have applied the novel quantisation onditions to the relativisti Kepler
problem. We have seen that by a freak of nature all relevant spin rotation angles are given
by 2π and thus anel (or add up to an integer) with the Maslov term. It is this oinidene
due to whih Sommerfeld was able to alulate the energy levels of the relativisti hydrogen
atom inluding spin-orbit oupling 10 years before the Dira equation was developed.
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A Wigner-Weyl alulus
With a dierential operator Aˆ one an assoiate an objet on lassial phase spae, its
Weyl symbol A(p,x), by
(AˆΨ)(x) =
1
(2π~)d
∫
Rd
∫
Rd
A
(
p,
x+ z
2
)
e
i
~
p(x−z)Ψ(z) ddz ddp . (A.1)
If Ψ is a multi-omponent objet, e.g. Ψ ∈ L2(Rd)⊗C2s+1, then A(p,x) is matrix valued.
Reverting this reasoning, one an also assoiate an operator Aˆ with a more general symbol
A(p,x), whih does not neessarily orrespond to a dierential operator, via (A.1). This
proedure is known as Weyl quantisation and ertain properties of symbols translate to
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properties of the operators, thus leading to so-alled pseudo-dierential operators, see e.g.
[52℄ for an introdution.
If an operator Aˆ an be represented by an integral kernel KA(x,y), i.e.
(AˆΨ)(x) =
∫
Rd
KA(x,y) Ψ(y) d
dy , (A.2)
one obtains its Weyl symbol from
A(p,x) =
∫
Rd
KA
(
x+
z
2
,x− z
2
)
e−
i
~
zp ddz . (A.3)
Inverting this transformation yields
KA(x,y) =
1
(2π~)d
∫
Rd
A
(
p,
x+ y
2
)
e
i
~
p(x−y) ddp . (A.4)
If the symbol A(p,x) has an expansion in powers of ~,
A(p,x) =
∑
k≥0
~
kAk(p,x) , (A.5)
the orresponding operator Aˆ is alled a semilassial Weyl operator. The leading and
subleading terms A0 and A1 in the expansion (A.5) are known as the prinipal symbol and
the subprinipal symbol, respetively.
Appliation of a semilassial Weyl operator to a rapidly osillating funtion
Ψsc(x) = a~(x) e
i
~
S(x) , a~(x) =
∞∑
k=0
(
~
i
)k
ak(x) . (A.6)
is governed by the following theorem; the orresponding statement in a slightly dierent
setting an, e.g., be found in [53, hapter 4.3℄.
Theorem 6. Applying a semilassial Weyl operator Aˆ with a symbol A(p,x) of the form
(A.5) to a wave funtion of type (A.6) yields in leading orders as ~→ 0,
(AˆΨsc)(x) =
{
A0(∇xS(x),x) a0(x) + ~
i
[
A0(∇xS(x),x) a1(x)
+ (∇pA0)(∇xS(x),x)∇xa0(x) + 1
2
a0(x)[∇x(∇pA0)(∇xS(x),x)]
+ A1(∇xS(x),x) a0(x)
]
+O(~2)
}
e
i
~
S(x) .
(A.7)
Notie that the nesting of brakets in the fourth term on the r.h.s. indiates that the
gradient with respet to p is taken before we set p = ∇xS, whereas the gradient with
respet to x is only taken after doing so, i.e.
[∇x(∇pA0)(∇xS(x),x)] =
d∑
j=1
∂2A0
∂pj∂xj
(∇xS(x),x) +
d∑
j=1
d∑
j=1
∂2A0
∂pj∂pk
(∇xS(x),x) ∂
2S
∂xj∂xk
(x) .
(A.8)
For the proof we refer the reader to [53, hapter 4.3℄.
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